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A Fourier transform procedure using curvilinear coordinates is developed to determine the 
interaction potential between a molecule and a helicoidal cavity. When the molecular orienta- 
tion is free inside the cavity, straightforward criteria for the applicability of the continuum 
approximation and the molecular confinement along the cavity axis are obtained. At low 
temperature, the molecule does not rotate freely, being generally trapped in potential wells 
outside the helix axis and numerical calculations are required to verify whether these criteria 
hold. An application to N, trapped in an A1P04-5 cavity shows that the molecule center of 
mass is confined close to the cavity axis with the molecular axis collinear to the cavity axis. 

Keywords: Helicoidal cavities; fourier transforms; A1P04-5 

1. INTRODUCTION 

Synthetic zeolites and aluminophosphates [l] have gained remarkable in- 
terest as adsorbents to study molecular adsorption in porous materials [2]. 
These molecular sieves are formed by regular pore structures with well- 
defined shapes and sizes and they can be schematized by using the model of 
perfect zeolite crystal, for which the positions of the atomic constituents are 
known. Understanding the adsorption inside pores has been greatly en- 
lightened by a concomitant analysis of data issued from more and more 
accurate experimental probes including thermodynamics [3-51, spectros- 
copy [6-71 and diffraction patterns [4,8] and of results of Monte Carlo and 
molecular dynamics simulation calculations [9- 141. 
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290 C. GIRARDET et al. 

The accuracy of the theoretical methods rests on the knowledge of the 
interaction potential between the adsorbate and the adsorbent and, when 
the potential is known, on the adequacy of the analytical or numerical 
expressions regarding the computational technique. Simple potential forms 
and sum truncations over the spatial atomic arrangement in zeolite are 
generally required to save computing time. These two approximations can 
yet provide inaccuracies. Therefore all the potential calculations are per- 
formed by considering the competition between a minimum computational 
time and an optimum accuracy. While pairwise atom-atom or site-site addi- 
tive potentials seem to be rather appropriate for simulations, they remain 
time consuming and the continuum approximation [lS] appears to be an 
efficient but sometimes questionable way of obtaining fast results on the 
adsorption properties of various molecules. The question is thus open in 
order to determine the criteria which make valid the continuum approxi- 
mation when compared to an exact numerical calculation. 

In previous papers [16-181, we considered the interaction between a 
confined atom and a helicoidal cavity which schematizes the local distribution 
of oxygen atoms in a pore of an aluminophosphate compound. The potential 
periodicity connected to the spatial arrangement of the oxygen atoms along 
coaxial helices was used to perform a Fourier transform analysis of the 
atom-helix interaction. Here, we extend the method to the interaction between 
a molecule and a helix and consider the molecule as a set of atom sites 
characterized by dispersion-repulsion parameters. The geometry of the system 
is described in Sec. 2 for the case of a diatomic molecule inside the helicoidal 
cavity. The Fourier analysis is then performed in Sec. 3. Implications on 
molecular confinement for very simple situations are discussed in Sec. 4, 
with an illustration to the adsorption of N, inside a A1P04-5 micropore. 

2. GEOMETRY OF THE SYSTEM 

Let us consider a periodic arrangement of atoms along a helix defined by its 
radius p and its pitch B. N is the atom number per helix pitch along the 
curvilinear coordinate t .  The position of a generical helix atom is defined 
with respect to the absolute frame (X, Z )  (2 along the helix axis) by its 
components (pcos2~qt ;  psin2nqt; Bqt) ,  where q characterizes the inverse of 
the length of the helix pitch 

- 4  4 

9 - l  =( (2xp) ’  + 132)1’2 = N S ,  
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MOLECULAR INTERACTIONS IN CAVITIES 29 1 

S, is the distance between consecutive atoms along the helix curvilinear 
coordinate. The length of the primitive vector in the reciprocal space is 
written as 

G, = 2xg/S,; g integer (2) 

The position of the molecule center of mass is defined by its components 
( X , x Z )  in the absolute frame while the absolute position ii of the ith 
constituent in the probe molecule is expressed as 

+ t  

Ri = R + {(SZ) (3) 

where $ depends on the internal molecular geometry and on the orienta- 
tional degrees of freedom 6. The coordinates ( X i ,  yi, Zi) of the ith atom are 
expressed in terms of the curvilinear coordinate Si which defines the inter- 
sect Ci of the helix with the plane perpendicular to the helix axis and 
containing the ith atom (Fig. 1). Let zi be the vector joining Ci to the 
position of the ith atom center of mass, the absolute coordinates of this 
atom are written as 

Xi = ( p + tx,) cos2nq Si - tyi sin 2ny S i  

yi = ( p  + 5,) sin 2xq Si + tYi cos2nqSi 

zi = BqSi 
(4) 

The distance between the ith atom in the probe molecule and the generical 
atom in the helix is given in the more general way, as 

+ 

d ?  (Si - t,ti) = ( 5 ,  + p ( 1 -  cos2nq(Si - t)))’ + (&, + psin2nq(si - t))Z 

While it appears judicious to keep the variables Si and zi to perform the 
Fourier analysis of the potential, it must be recalled that this set of variables 
depends on the molecule geometry, i.e. the internal configuration of the 
atoms in the molecule and the external coordinates of the molecule. It is 
interesting to make explicit such a dependence for the case of the diatomic 
molecule. Let 3 be the center of mass position with respect to C (Fig. 1) 
characterized by its curvilinear coordinates, S, 6 (6,cp) the angles defining 
the axis orientation of the molecule and ri the distance of the ith atom with 
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292 C. GIRARDET et al. 

FIGURE 1 Geometry of the helix-diatomic molecule system; k a?d_G-define the molecular 
center of mass position and axis orientation in the-absolute frame (X,Y,Z). The points Ci and 
C characterize the intersect of the helix with (X,Y) planes containing the ith atom and the 
molecular center of mass, respectively. 

respect to the molecule center of mass, the change of atomic to molecular 
variables is expressed as 

r .  
B v  

si = s + ~ c o s 8  

5 ,  = 5,  + ri sinocos (2nqS - q) + p cos2nqS - cos2n 

t,,, = tY - ri sin6 sin (2nqS - q) + p 
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MOLECULAR INTERACTIONS IN CAVITIES 293 

Using Equation (6), the distance di given by Equation ( 5 )  is thus trans- 
formed into an expression d?  ( S  - t, S ,  G, ri)  which depends on the relative 
curvilinear coordinate S-t and on the molecular characteristics (S ,6 , r i ) .  The 
expression of d :  becomes much simpler when the molecular center of mass 
is located along the helix axis @ = - G), leading to 

where a ,  bi and cli depend on the helix radius and on the molecular charac- 
teristics (r i ,  ~,li) 

u? = p 2  + r t  sin20 
bi = p r ,  sin0 

and ui = Bq(S - t )  + ricost? defines the new variable. 

3. FOURIER ANALYSIS OF THE POTENTIAL 

3.1. General Expression 

The interaction potential between a molecule and a neutral helix atom is 
obtained as a sum of dispersion-repulsion contribution. Here we consider 
the simple situation for which the dispersion-repulsion is described by an 
atom-atom Lennard-Jones form. Simulation calculations generally use this 
type of interactions in zeolites. The potential between the ith atom in the 
molecule and the kth helix atom is given as 

Cg is the potential parameter equal to C, or C,,  for the dispersion and 
repulsion terms and the distance d ,  is given by Equation (5).  

The Fourier expansion of the potential [16], after summing over the 
atoms of the probe molecule and over the atom distribution along the helix, 
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294 C.  GIRARDET et al. 

assumed to be infinitely long, leads to 

where the Fourier coefficients are given by ( R  and I correspond to cosine 
and sine terms, respectively) 

The analytic calculation of these coefficients is possible for special configur- 
ations of the probe molecule. Otherwise, a numerical computation of Equa- 
tion (11) is required. Thus, when the molecular center of mass is along the 
helix axis. the Fourier coefficients become 

These expressions reduce to simple known integrals when the molecular 
axis is furthermore oriented along the helix axis (8 = 0 or x; ai = p; bi = 0) 
and the calculation of the Fourier coefficients (performed as explained in 
Reference [16]) leads to an analytical expression for the molecule-helix 
interaction potential 

x ( p -  S, (4ngpNIB) Cik - ( p -  ' '/64) S , ,  (4ngpNIB) Ci:) 
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MOLECULAR INTERACTIONS IN CAVITIES 295 

where the function S,,(x) is defined in Reference [16]. The potential V de- 
pends on the internal molecular coordinates r i ( i  = 1 and 2) and on the 
position 2 of the molecular center of mass along the axis through the cosine 
term, only. The zero order Fourier coefficient is obviously independent of Z 
and it depends on the molecular characteristics through the sum of the 
Lennard-Jones coefficients of each atom. The convergence of the Fourier 
expansion is characterized by the decrease of the product of the exponential 
term and the S,, function, while the magnitude of the potential is modulated 
by the cosine, thus reflecting the cavity corrugation experienced by the 
molecule along the equilibrium valley. 

3.2. Average Potential 

A general analysis of the convergence of the Fourier transform procedure is 
very difficult since it depends on the position and orientation of the mol- 
ecule inside the helix. Therefore we rather consider the mean potential 
experienced by the molecule which is defined as the average over the free 
rotation of the molecule in the cavity. Let be this mean potential between 
the ith atom in the molecule and the kth helix atom 

&=- 1 uik sin a da d a  
4n s' i = l  

where a and fi characterize the angles of the molecular axis with respect to a 
frame tied to the molecule-kth helix atom pair. The dispersion-repulsion 
potential for the molecule-kth helix atom pair can be written as 

where now the distance d characterizes the molecular center of mass posi- 
tion with respect to the generical helix atom; d is obtained from Equation 
(5) by changing 2; into 3 and Si into S. The Lennard-Jones parameters cp 
depend on the distance d and on the internal characteristics of the molecule 
through ri  (cf. Appendix A). Assuming that these parameters are effective 
and disregarding their d dependence leads to an expression for the mol- 
ecule-helix interaction potential identical to that calculated [ 161 for an 
effective atom interacting with the helix, since all the orientational depend- 
ence disappears after averaging. 
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4. DISCUSSION 

Two characteristics for the molecular adsorption in a helicoidal cavity are 
discussed here, regarding on one hand the convergence of the Fourier ex- 
pansion and the validity of the continuum approximation and, on the other 
hand the condition for the molecule confinement along the helix axis. We 
consider reduced variables for the mean potential and define p* = p/C, 
B* = B/< b+ = BIN; and P* = PI2 where E and are the effective Lennard- 
Jones parameters for the average molecule-helix atom pair. 

The conditions for the applicability of the continuum approximation to 
the mean interaction potential P*, i.e. by retaining only the g=O term in 
the Fourier expansion, mainly depend on the reduced parameter b*. The 
convergence of the Fourier transform procedure is faster when B decreases 
and/or N increases. This can be interpreted as the result of a higher atomic 
density along the helix which thus favors the convergence and allows us to 
limit the g expansion to the first term, Indeed B/(N$ represents the periodic 
arrangement of the helix atoms, projected on the helix axis, as viewed by the 
effective confined molecule. When b* < 0.7, the continuum approximation 
holds since the g = 0 Fourier coefficient reproduces the mean interaction 
potential map with an accuracy better than 1 %. For increasing values of b* 
(0.7<b*< 1.3) it is necessary to include the g = 1 term, while for larger b* 
values, the continuum approximation totally fails and higher order terms 
must be considered. These results are quite consistent with those obtained 
[I71 for the interaction between an atom and a helicoidal cavity, since the 
single change is the consideration of an effective molecular diameter for the 
average molecule-helix interaction. 

For this freely rotating (average) molecule, the confinement criteria [17] 
along the helix axis depends mainly on the reduced helix radius p* which 
accounts for the relative size of the helix cavity and of the average molecule. 
When p* d 1.2, the center of mass of the average molecule is found to be on 
the helix axis whatever the values of b*, whereas for larger values p* > 1.2, 
the equilibrium site for the molecule is outside this axis. As a consequence, 
the analytic expression of the potential can be used with a fair accuracy 
when the average size of the molecule is large enough when compared to 
the cavity size. ( 0 . 8 ~  < B < p). 

A different behavior is expected for this molecule without averaging over 
the free rotation, since the failure of spherical symmetry tends to favor 
special orientations for the molecular axis outside the helix axis. Therefore, 
the anisotropic molecule can be much more trapped in helix potential wells 
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than the mean molecule, thus requiring a complete calculation of the poten- 
tial map V ( X ,  XZ,fi) in order to verify whether the continuum approxi- 
mation and the confinement condition hold in that case. As an example we 
consider the situation of a N ,  molecule trapped in A1P04-5 micropore [18]. 

4.1. Application to N, adsorbed inside an A1P04-5 cavity 

In the A1P04-5 micropore, the oxygen atoms forming the internal wall of 
the cavity are distributed [l8] along two sets of coaxial helices with the 
same radius p = 3.8 A and pitch B = 46.5 A. The first set contains six helices 
with 24 oxygen atoms per pitch while the second set contains six helices 
with 12 oxygen atoms per pitch. The N, probe molecule is described within 
the two situations, either with a linear shape (low temperature case) or with 
a spherical (free orientational average) shape (high temperature case). The 
potential parameters for the oxygen-N, pairs are given in Appendix A. 

We calculate the interaction potential for the system in the two situations 
and determine the corresponding equilibrium configuration for the molecule 
in the cavity. In Figure 2, we show the behavior of the reduced position A* of 
the molecular center of mass with respect to the cavity axis as a function of 
the relative radius of the helicoidal cavity for the assumed spherical molecular 
shape. The curve of values of the minimum potential energy V,*@*) is also 
drawn. The values of A* monotonically decrease with p* down to p* % 1.25. 
Below this value, the center of mass of the molecule moves towards the helix 
axis with a dramatic change of the curve slope. For p* d 1.23, the molecule is 
totally confined on the cavity symmetry axis, as already mentioned from 
general considerations, and the potential is minimum since the molecule 
<<sees >>a maximum number of surrounding oxygen atoms. The potential 
monotonically decreases with p* and it can be analytically determined from 
the Fourier transform procedure yielding a straightforward expression. At 
higher values of p* the molecule moves toward the cavity wall and thus 
<<sees>> less oxygen atoms leading to an increase of V:. Moreover, the 
continuum approximation is quite good for this cavity species since the high 
oxygen density on the helices leads to b* values equal to 0.67 and 1.34, 
depending on the helix set. 

We now consider the case of the linear molecule and calculate the equi- 
librium position and orientation for N, in the micropore by minimizing the 
interaction potential. We find that the molecular center of mass is shifted by 
0.57 A with respect to the cavity axis, and by 1.22 A (with a periodicity 
equal to B/12=3.87 A) along this axis. The molecular axis is collinear to 

D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
1
9
:
1
7
 
1
4
 
J
a
n
u
a
r
y
 
2
0
1
1



298 

-13 - 
-14 - 
-15 - 
-16 - 

>' -17 - 
-18 - 
-19 - 
-20 - 

C. GIRARDET et a!. 

0.40 
0.35 
0.30 
0.25 
0.20 
0.15 
0.10 
0.05 
0.00 

1.22 1.24 1.26 1.28 1.30 1.32 1.34 1.36 1.38 

P* 

-21 f I I I I I I I 

1.22 1.24 1.26 1.28 1.30 1.32 1.34 1.36 1.38 

P* 

FIGURE 2 (a) Behavior of the reduced molecular position A* for the average N, molecule 
with respect to the cavity axis as a function of the reduced radius p* of the A1P04-5 cavity; (b) 
corresponding behavior of the reduced potential vs. p*. 

the cavity axis (8=0)  and the corresponding value of the potential is 
- 134 meV. This latter result agrees with the data [3-51 of isosteric heat of 
adsorption (- 144 meV) and considerably improves the value determined 
[18] for the spherical molecule (-86 meV). From these results, we see that 
p* E 1.27 for the linear N, molecule while p* z 1.23 for the spherical shape, 
and that the confinement criterium holds approximately, only. Therefore the 
analytical potential expression given in Equation (13) is reasonably accurate 
and it yields maximum and minimum values depending on the cosine term. 
For g = 1, the cosine term is minimum for 2 = (b* 0 & r)/2 yielding an equilib- 
rium value for 2 around 1.1 A, in agreement with the exact calculations. 

Our conclusion is that the trapping of N, in the A1P04-5 micropore can 
be accurately desrrihed within the continuum approximation ur, bettci, 
within an improved expansion of the Fourier transform procedure limited 
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to the first two terms (g = 0 and 1). However the fact that the N, center of 
mass is not strictly confined along the axis, requires a calculation of the 
potential which goes beyond the simple expression given by (Eq. 13). In- 
deed, this latter equation yields only a potential estimate which is reflected 
by the monotonic increase of the spherical potential with p* since the 
corresponding potential value is - 115 meV, i.e. underestimated by about 
14%. A more general study of this convergence criterium should be ext- 
ended to other probe molecules in zeolite, including other potential contri- 
butions. Nevertheless, it seems that this Fourier analysis procedure is an 
efficient way of performing fast potential calculations which are used as 
intermediate data for involved simulations on dynamical and kinetical 
properties of adsorbates in porous materials. 
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APPENDIX 

Effective Lennard-Jones parameters 

The average over the molecule orientation leads to CLk terms defined as 

These parameters are nearly d independent for r J d c  1. When the molecular 
center of mass is located along the helix axis d=p,  the accuracy varies as 
(rilp)’ which in general remains small (a few percent). The effective 
parameters for the average molecule are then given as 

2 17 .- 

c1 2 2: c q: (p,  Ti) = 4ET 
i =  1 
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The values of the parameters are [17]: 
= 5.9 meV, gN,-O = 3.10 
= 2.99 A for the atom-atom pair. 

for the average molecule; E ~ . ~  = 3.9 meV, 
0 
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